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Abstract 

We obtain a geometrical condition on vacuum, stationary, asymptotically flat 
spacetimes which is necessary and sufficient for the spacetime to be locally iso- 
metric to Kerr. Namely, we prove a theorem stating that an asymptotically flat, 
stationary, vacuum spacetime such that the so-called Killing form is an eigenvec- 
tor of the self-dual Weyl tensor must be locally isometric to Kerr. Asymptotic 
flatness is a fundamental hypothesis of the theorem, as we demonstrate by writ- 
ing down the family of metrics obtained when this requirement is dropped. This 
result indicates why the Kerr metric plays such an important role in general rel- 
ativity. It may also be of interest in order to extend the uniqueness theorems of 
black holes to the non-connected and to the non-analytic case. 
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1 Introduction 



The Kerr metric is of fundamental importance in general relativity. Its relevance comes 
mainly from the uniqueness theorem for black holes, which states that, under rather 
general conditions, the Kerr spacetime is the only asymptotically flat, stationary, vac- 
uum black hole. Therefore, the Kerr metric describes the exterior endstate of any 
sufficiently massive collapsing isolated system which obeys the cosmic censorship con- 
jecture (assuming that some equilibrium state is reached). Despite its importance, 
a clear understanding of why the Kerr metric is so special remains incomplete. In 
comparison, the Schwarzschild metric has nice uniqueness properties like Birkhoff's 
theorem or the conformal flatness of the hypersurfaces of constant static time (this 
second property characterizes Schwarzschild among static, asymptotically flat, vacuum 
spacetimes) . 

Obtaining a similar characterization for the Kerr metric has interest not only in 
order to understand better the Kerr metric but also in order to try and generalize 
the black hole uniqueness theorem. Indeed, the known proofs for this theorem (in the 
non-static case) require hypotheses which are too strong both from the mathematical 
and from the physical point of view. First of all, connectedness of the event horizon 
(i.e. the existence of a single black hole) is a fundamental hypothesis. Dropping this 
condition is necessary in order to exclude the existence of an equilibrium conflguration 
containing several black holes. In the static case, the non-connected case was solved 
by G. L. Bunting and Masood-ul-Alam [|I| by exploiting the conformal flatness of the 
static slices of the Schwarzschild spacetime. Another requirement in the existing proofs 
is the analyticity of the metric and of the event horizon (see Chrusciel [^), which is 
clearly a very strong and little justifled assumption. Analyticity is used in order to 
apply the Hawking rigidity theorem ^ which proves the existence of a second Killing 
vector. Since this is an early step in the proof, relaxing the analyticity condition would 
probably force a completely new approach to the problem. Although the black hole 
uniqueness theorem is generally believed to be true when these two conditions are re- 
laxed, few results in this direction are known at present (see, however, Weinstein 
1^ for some progress in the non-connected case). We believe that obtaining a suit- 
able characterization of the Kerr metric among stationary, asymptotically flat, vacuum 
metrics would be an important step forward in this problem. 

Recently, using a characterization of the Kerr metric in terms of the so-called Simon 
tensor in the manifold of trajectories, we have been able to flnd the following 
geometric characterization of the Kerr metric. Let us consider the class of vacuum 
spacetimes admitting a Killing vector (with no restriction on its causal character). From 
the Killing vector ^, we construct the so-called Killing form ^ai3 = ^a^i3 + ^'Uol|3\^N^^^ 
{Va/3Xfi is the volume form) and the Ernst potential x = A — ici; where A = —^"^a 
and Va<^ = Tja/SfMu^^^^^'^ {uj and hence x are deflned only locally), ^a/s is a self-dual 
2-form, i.e. it satisfles ^* = —i^ where * is the Hodge dual operator. On the other 
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hand, we consider the self-dual Weyl tensor from the right Capx^ = Caf3x^ + ^Tjx^p^C^p'"^ 
viewed as a symmetric tensor in the space of self-dual two forms (as is usually done 
in obtaining the Petrov type of a spacetime, see e.g. 0). Thus, we have at hand two 
geometrical objects which are, in general, unrelated to each other. The theorem in 
states, roughly speaking, that the Kerr metric is characterized by the appropriate 
"matching" of these two objects. More precisely. 

Theorem 1 Let {Ai,g) be a smooth, vacuum spacetime admitting a Killing vector C,- 
Let the Killing form be defined as above and let M. satisfy 

1. There exists a non-empty region M.f where J-^ = ^^p^"^ 7^ 0. 

2. The Killing form and the Weyl tensor are related by 

= H [t-^T,, - \t-\,J='') (1) 

where X"^^^ is the identity on the space of self-dual 2-forms and H is a scalar 
function. 

Then, there exist two complex constants I and c such that H = —6 /{c — x) o,nd J-^ = 

-Kc-xY- 

If, in addition, c = 1 and I is real and positive, then {Ai,g) is locally isometric to 
the Kerr spacetime. 

In reference 0, this theorem was stated in a different form. There, the hypotheses 
included asymptotic flatness of the spacetime and the vanishing of the so-called space- 
time Simon tensor. However, as it was noticed at the end of Remark 1, asymptotic 
flatness was used only in order to prove Lemma 5 in that paper, which just fixes the 
value of two complex constants. On the other hand, the vanishing of the spacetime 
Simon tensor can be replaced by hypothesis 2 above by virtue of lemma 4 in ||^. It is 
easy to see that theorem |l| holds following essentially the same steps as in the proof 
of the theorem stated in [^. We have preferred to state the theorem in this new form 
in order to emphasize that asymptotic flatness plays no role in the characterization of 
Kerr obtained in [[7| (i.e. the characterization is purely local). If asymptotic flatness is 
imposed on {Ai,g) then condition 1 in the theorem can be dropped and the constants 
/ and c appearing in condition 2 are fixed automatically to its values c = 1 and / > 
by a suitable rescaling of the Killing vector. 

Theorem ^ characterizes Kerr in a neat and geometrical way. However, it is "too 
local" for our purposes. Indeed, the condition of asymptotic flatness on the spacetime 
is of fundamental importance in the proof of the black hole uniqueness theorem (if this 
condition is dropped, then the uniqueness of the Kerr black hole is not true). On the 
other hand, the characterization of Kerr in theorem |l] does not use asymptotic flatness 
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at all. This suggests very strongly that asymptotic flatness has not been exploited in 
its full extent in order to characterize the Kerr metric among stationary, vacuum and 
asymptotically flat spacetimes. It is plausible to believe that by employing asymptotic 
flatness in a more essential way, the geometric condition (|l]) involving the Weyl tensor 
and the Killing form can be relaxed significantly. In that case, we would certainly be 
in a better position for generalizing the black hole uniqueness theorems. 

In this paper we present a generalization of Theorem along these lines. The main 
theorem in this paper is described in the next subsection, while its proof is left for the 
following sections. 

1.1 Main result and discussion 

The first task to consider is trying to guess which condition should replace (^. To do 
that let us describe in some more detail the geometric content of (|I]). An arbitrary 
self-dual 2-form like ^a(3 can be algebraically classified by analyzing its associated 
eigenvalue problem. At points where is regular (i.e. JF^ 7^ 0), there exist two 
principal null directions defined as the real eigenvectors of ^a/s, i-e. 

:Fy^ oc r. (2) 

At points where is singular (i.e = with 7^ 0) there exists one prin- 
cipal null direction. Similarly, the Petrov classification of the Weyl tensor is the al- 
gebraic classification of the endomorphism of the space of self-dual 2-forms defined 
by C = C^fj^^ X ^u- There exist four principal null directions of the Weyl ten- 

sor (which degenerate when the Weyl tensor is algebraically special). A repeated 
principal null direction of the Weyl tensor is a non-zero null vector field / satisfying 
Cais-ysl^l^ OC lal-y- The Petrov classification of a Weyl tensor satisfying (|I]) is very sim- 
ple. The Petrov type is D whenever 0, N when if 7^ 0, = and when 
H = 0. Moreover, at points where ^ai3 is regular, each principal null direction of ^ai3 
is a double principal null direction of the Weyl tensor (this is an alternative way of 
writing down the characterization of Kerr given in Theorem [l|). So, Theorem |l| in- 
volves a condition on the Weyl tensor that already determines its Petrov type. This is 
a strong local condition. We would like to generalize it so that the Petrov type remains 
undetermined. A possible way of doing this is by demanding 

C'^s^^^ :f"^. (3) 

This condition is obviously satisfied by (|1|) but it is much weaker than (0). Indeed, 
while condition (|l]) restricts the full form of the Weyl tensor in the spacetime (and 
therefore imposes strong conditions on the Petrov type), condition (^ demands just 
that the Killing form is an eigenvector of the self-dual Weyl tensor. A priori, this 
condition does not restrict the Petrov type of the spacetime whatsoever. Moreover, 
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the essence of condition (|1|) (i.e. that the two geometrical objects and 
"match" together) is retained. This indicates that @ may be the generahzation we 
are seeking. The main objective of this paper is proving the vahdity of this result. The 
precise theorem we prove is 

Theorem 2 Let {Ai,g) be a smooth, vacuum spacetime with the following properties 

1. {Ai,g) admits a Killing field ^ such that its Killing form !Fai3 is an eigenvector 
of the self-dual Weyl tensor Ca/3'y5 

c^^^^jF^^ oc (4) 

2. {J^,g) contains a stationary, asymptotically flat four- end A4 00, tends to a time 
translation at infinity in A4oo and the Komar mass of ^ in ^Aoo is non-zero. 

Then {Ai,g) is locally isometric to a Kerr spacetime. 

Remark 1. A stationary asymptotically flat four-end is an open submanifold 
Moo C M diffeomorphic to / x (w^ \ (/ G M is an open interval and B{R) 

is a closed ball of radius R), such that, in the local coordinates {t,a;*} defined by the 
diffeomorphism, the metric satisfies 

\gf,u - Vf^ul + \rdig^^\ < Or-"', dtg^u = 



where C,a are positive constants, r = yY^i^^Y and r]f^i, is the Minkowski metric. 
Usually, the definition of asymptotically flat four-end requires J = M but we do not 
need this restriction. The Einstein fleld equations together with the existence of a 
timelike Killing vector force a > 1 (Kenneflck and O Murchadha Then, it is 



well-known (see e.g. |T^) that the metric in the asymptotic region can be written in 
the form 



2M AS^x^ 
^00 = -1 + — + 0{r'^), goi = -e^Jk—^ + 0{r-^), g,j = 5,^ + 0(r-^), (5) 



where M is the Komar mass of ^ in the asymptotically flat end M.00 (and hence 
non-zero by assumption) and eiji is the alternating Levi-Civita symbol. 

Remark 2. The Kerr spacetime is understood to be the maximal analytic extension 
of the Kerr metric, as described by Boyer and Lindquist [|12[ and Carter An 



element of the Kerr family will be denoted by {M.M,a, gM,a), where M denotes the 
Komar mass and a the speciflc angular momentum. The particular case when a = 
corresponds to the Kruskal extension of the Schwarzschild spacetime. 

Remark 3. The conclusion of the theorem is that {A4,g) is locally isometric to the 
Kerr spacetime. This concept is standard; it means that for any point p & Ai, there 
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exists an open neighbourhood Up of p which is isometrically diffeomorphic to an open 
submanifold of A4 M,a- Despite the fact that the characterization of Kerr in the theorem 
involves a local condition and a global condition (asymptotic flatness), we should 
not expect in principle that the local isometry extends to an isometric embedding of 
[Jvi^g) into {J^M,a, gM,a)- The reason is that there may exist suitable identifications 
in the Kerr spacetime that define a spacetime which is still asymptotically flat in the 
sense we are using (and the local condition 1 would obviously be still satisfied). Let 
us emphasize, however, that Theorem |^ is "semi-local" because the existence of the 
local isometry is shown everywhere. Actually, showing that the result holds everywhere 
constitutes a substantial part of the proof. 

While the methods in the proof of Theorem ^ are similar to those in Theorem |l] 
the complexity of the proof increases notably. The reason is, of course, that the local 
assumptions are now much weaker and instead asymptotic fiatness must be exploited in 
a stronger way. In particular, the local condition (^ does not restrict the Petrov type 
and several cases must be analyzed. Moreover, the interplay between different regions 
where the Petrov type may change requires special care. We refer to Hall |T^ (see also 
1 1511 for a generalization to other continuous endomorphisms) for general restrictions 
on the regions with different Petrov types. 

Our main objective in this paper is obtaining a characterization of the Kerr metric 
among stationary, vacuum, asymptotically flat spacetimes which uses the asymptotic 
properties in a fundamental way. To show that Theorem ^ achieves this, we will prove 
the theorem trying to separate the use of the local conditions from the use of asymptotic 
flatness. This will be particularly so in Proposition |^ below where the local condition 1 
is imposed but asymptotic flatness is not used at all. This proposition gives, essentially, 
the local form of the metric on the region where the Petrov type is II (or D or 0). This 
family of metrics is rather large and contains arbitrary functions in general. This shows 
that the local condition 1 is weak (it is fulflUed by a large family of metrics) and only 
when combined with asymptotic flatness gives a characterization of Kerr. We consider 
it difficult to relax further the local condition 1 and still maintain the conclusion of 
the theorem. So, in some sense, asymptotic fiatness has been exploited "as much as 
possible" to characterize Kerr. An eventual proof of the black hole uniqueness theorem 
would require exploiting the existence of a regular black hole in order to try and prove 
that the local condition 1 holds. This problem is under current investigation. 

The paper is organized as follows. In section 2, we introduce our notation and write 
down several identities which are valid on any vacuum spacetime admitting a Killing 
vector ^. These identities and definitions will be used thoroughly in this paper. We 
also write down some of the consequences of (^) and discuss the different possibilities 
for the Petrov type at points where ^ 0. 

The strategy of the proof consists in defining first an open, connected and asymp- 
totically fiat subset M.f(ZM. where ^ everywhere and restricting the analysis 
to [M.f,g\Mf)- The bulk of the proof is showing that the conclusion of the theorem 
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holds on Aif. Afterwards, we prove that Aif = A4. In section 3, we show that the 
region A4 / must be of Petrov type II, D or (thus excluding Petrov types III, N and 
I on Aif). Actually, Petrov type III is easily seen to be incompatible with (^) on J^f, 
so only Petrov types N and I must be studied. Petrov type N is dealt with easily but 
excluding Petrov type I requires a rather involved argument that already uses several 
properties of asymptotic flatness. In section 4 we analyze in detail the Petrov type II 
(and its particularization to Petrov type D). First we find the local form of the metric 
when the condition of asymptotic flatness is dropped. As discussed above, the resulting 
family of metrics is rather large . The remaining part of section 4 is devoted to show 
that (^M.f, g\Mf^ is locally isometric to Kerr. Finally we prove that Mf = M.- 

Before starting with the details, let us make two final comments. First, the proof of 
the theorem uses, obviously, the Einstein vacuum equations extensively. Since our local 
condition 1 involves directly the Weyl tensor, it turns out that the Newman-Penrose 
(NP) formalism is well-adapted to the proof. However, using such a formalism requires 
some care because we are not assuming analyticity of the spacetime and therefore 
adapting the null tetrad so that some spin coefficients vanish requires an existence 
proof which may be difficult. So, we will avoid adapting the tetrad except when this 
existence issue is easily solved. Second, since the null tetrads in the NP formalism are 
defined only locally (i.e. in a suitable neighbourhood of each point) we write explicitly 
the domain of validity of the expressions involved (sometimes we indicate this domain 
in the text immediately before the formulas). This makes the exposition more precise 
but forces a slightly cumbersome notation. For the sake of clarity we have collected 
the various definitions that we need, even though they may not be used immediately. 
These definitions appear at the end of sections 3 and 4 and they should be looked at 
for reference. 



2 Notation, definitions and basic equations. 

A spacetime denotes a paracompact, Hausdorff and connected C"+^ four-dimensio- 
nal manifold endowed with a C" metric of signature (—1, 1, 1, 1). Smooth means C°°. 
In this paper, all spacetimes are assumed to be oriented with metric volume form rjais-ys- 
The conventions and notation for the Riemann and Ricci tensors follow 0]. Throughout 
this paper {Ai,g) will denote a spacetime satisfying the hypotheses of Theorem 0. The 
norm and twist of the Killing vector ^ are defined as A = — ^"^a and Ua = Va/s-yS^'^'^'^^^ 
respectively. As mentioned in the introduction, it is convenient to employ self-dual 
2-forms, which are complex 2-forms B satisfying B* = —i13, where -k is the Hodge 
dual operator. In particular, the 2-form Fa/s = Vq,^/3 and the so-called Killing form 
^af3 = Fai3 + iF*^p (which is self-dual by definition) will play a fundamental role. The 
Ernst one-form is defined as Xn = '^^'^^afi = V^A — icj^. 
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From the Killing equations + V/j^q = it follows V/_iVq,^/3 = i^Cu^aPi where 
Cai3-yS is the Weyl tensor. Consequently, we have 

(6) 

where C^^ap = C^^afs + ^'HajipaCjj^^" is the so-called self-dual Weyl tensor from the 
right. In vacuum, this tensor is a double symmetric, 2-form, trace-free and satisfies 
the first and second Bianchi identities Caip-yS] = 0, V^Cy^aii = 0. Using well-known 
identities involving self-dual 2-forms (see e.g. for a brief summary) we easily find 

XaX" = -A^', V,X/3 - V/3Xa = 0, V"xa = -:^', (7) 

where JF^ = JF^^jF"'^. The second expression shows that the Ernst one-form is closed 
and hence locally exact. Similar, although longer calculations, allow us to establish the 
following two identities, which will be useful in the following 

V^:r2 = 2CC,,^pj^^^, (8) 

V„V":f2 = -C„^am^"^^'^ - ^C,/3AmC"^"^ (9) 

Let us now define the subset Xif = {q E A4 ; ^^\q 0}- Since by assumption ^ tends 
to a time translation at infinity, ^ can be normalized without loss of generality so that 
A — s> 1 at the asymptotically fiat end A4oo- Then, the asymptotic form of the metric in 
A4oD (see Remark 1 after Theorem ^ implies = — 4M^/r^ + O (r~^) which implies 
that Aif is not empty (the Komar mass M is non-zero by hypothesis). Thus, we can 
assume (perhaps after restricting A4oo to a proper subset) that Aioo C and hence 
the spacetime {A4f,gf) can be defined as the connected component of Aij containing 
A^oo, with the induced metric. The scalar product of two vectors u and v on (tVI j, gj) 
will be denoted simply by [u, v). 

By definition, the complex function does not vanish anywhere on M.f. Let 
us consider the eigenvalue problem ^apV^ oc with V"" real (so, we are actually 
considering two different eigenvalue problems, namely the real and the imaginary parts 
of the previous one). At points where is regular (i.e. 7^ 0) this eigenvalue 
problem is known to have two simple eigenvalues / and — / satisfying = — ^^/4 (this 
being a direct consequence of J-^pJ-f = {1/ A)g^j^j,J^ , which is a standard property of 
a self-dual 2-form). Moreover, simple roots of a polynomial depend smoothly on the 
polynomial coefficients (see e.g. |1^). The characteristic polynomial of the eigenvalue 



problem YapV^^ oc Vq, (resp. F*„^K^ oc ) is biquadratic and has exactly two real 
simple roots (whenever 7^ 0) which correspond to the real (resp. imaginary) parts 
of / and — /. Consequently / and — / depend smoothly on the coefficients of and 
therefore are smooth functions on M.f (this fact is not obvious a priory because M. / 
need not be simply connected and therefore the square root of might not be globally 



8 



defined in Aif). Let us also call k and / the two corresponding real eigenvectors, i.e. 
^apk^ = fka and ^Fapl^ = —fia- These vectors are null and can be normalized, 
without loss of generality, so that (l,kj = —1. Using the fact that ^a/B is self-dual we 
can write 



kn^ 



Xf3 



Ml 



Mf 
5~ 



2/ [- (f, k) If, + I) kp - iVap^sCkn 



Ml 



(10) 

(11) 



This expression shows, in particular, that k and / are smooth vector fields on Aif. 
A simple consequence of the first equation, together with the fact that £^^a(3 = 

(where £ denotes Lie derivative) and (k,l^ = —1, is 



= Cik 



Ml 



^,1 



-Cil 



Ml 



(12) 



where Ci is a smooth function on Aif. Let us define the self-dual 2-form Waplj^^^ = 
f~^^a(}\j^^ which obviously satisfies WapW"^ = —4. The space of self-dual 2-forms 
at any point g G is a complex three-dimensional vector space. We can there- 
fore complete W\g with two self-dual 2-forms U\g and V\g such that (U, V, W 
forms a basis. Furthermore, 



it is well-known that U\q and V\g 



can be chosen so that 



C/a/3V^l5 = 2 and all the remaining contractions vanish. This choice of U and V 
can be made locally smooth (i.e. given any point q E Aij there exists an open neigh- 
bourhood of q where U and V are smooth) but this choice may not exist globally 
on M.f. So, all the expressions involving U and V should be understood to hold in 
a neighbourhood of each point in ^Af. Since Cap-jS is a double, symmetric, self-dual 
2-form, it can be expanded in this basis. The hypothesis 1 of the theorem implies the 
existence of a function ^2 on Ai defined by Cap-ysJ-^^ = — 8\l'2^«/3 (i.e. the eigenvalue 
corresponding to the eigenvector J-ap)- Since = —Cap-fS^'^^^^ and is 

non-zero on M.^ it follows that \E'2 is smooth on Jvlj. Using the symmetries of Cap'^s 
we obtain the decomposition 



'aP^&\Mf 



2<foU^pU^s + 2^4V,/3V^5 + 2^2 (W^pW^s + U^pV^s + V^^t/^^)!^^ , (13) 



where \E'o and are locally smooth complex functions (i.e. they are smooth on 
the same neighbourhood where {U ,V ,W) is a smooth basis). The complex scalar 
(^apjs(^°''^'^^\Mf = 32(\E'o^4 + 3^1/2) I A^/ obviously smooth everywhere and therefore 
\&o^4 is also a global smooth function on A4f. Let us now write down the identities 
®5 (EP oil -^/- III terms of /, (^ becomes simply 



^2 

Va/ = -jXa 



(14) 



Mf 
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which imphes Xla'^ i3]'^2\Mf = because Xa is a closed one-form. Since Xa cannot van- 
ish identically on any non-empty open subset of Aif (otherwise the third equation in 
(|^ would imply = which cannot happen on A^/) it follows Va'^2\Mf = G^iXalx/ 
for some smooth complex function Gi. Inserting this expression into (^) a short calcu- 
lation gives us an explicit expression for Gi, namely Gi\Mf = (2/^)~^(^l'o^4 + 3\l'2)|»j- 
It turns out to be convenient to define a complex one-form = {2f)~^Xa which will 
be used thoroughly from now on. Notice that (0) implies that is closed and hence 
locally exact. In terms of Pa, the expressions discussed above take the form 



1 

Mf 



Pp = - [I k) ip + [I T) kp - i^iaMsCkn' . (15) 

As discussed in the introduction, we will need to work on different subsets of j to 
prove the theorem. The relevant definitions are 

Mi = {peMf] ^2|p = 0}, M2 = {p(^Mf] ^alp 7^ and ^o^4|p 7^ 0}, 

M^ = {peMf] ^2|p^Oand*o*4|p = 0}. (16) 

By definition, these three sets are a partition oi M.f. A simple analysis of the Petrov 
types compatible with the Weyl tensor (|1^) on A^j shows that Petrov type III is 
impossible. The points where the Petrov type is N are contained in Aii, the points 
where the Petrov type is I are contained in M.i U A^2 and the Petrov type on A^3 is II 
(or D wherever \E'o = ^4 = 0). 

o 

Given any subset t/ of Ai / we will denote its interior in the topology of Al/ by [/ 
(occasionally we will also use int (f/)). The topological boundary of U is denoted by 
dU. 

To conclude this section we introduce a concept that will be useful later in order to 
write down several lemmas in a more compact form. 

Definition 1 An open subset U d M.f will he called spatially bounded with re- 
spect to Aloo if there exists an asymptotically flat, open, suhmanifold Aioo C Aloo 
such that U fi M^o = 0- 

3 Excluding Petrov type I and N on A4f. 

Let us start by proving two simple lemmas 

Lemma 1 Let {A4f,gf) be constructed as in section^. Then, the set of points {q G 
Al/; ^aMq — 0} empty interior. 



10 



Proof: Assume that there exists a non-empty open set U G Aif where V^A vanishes 
identically. From the third identity in (J^) it follows that is purely imaginary. Then, 
the first identity in (0) reads uja^^'^lu = ^^^\u which immediately implies X\jj = and 
a'aO'^lfj = 0. Since ^"Ua = everywhere and using the fact that the set of zeros of a 
Killing vector has empty interior it follows that there exists a smooth function 5* 
on U such that Ua = S^a\u- Using ^ (S) = 0, which follows from £^uja = 0, the third 
identity in (0) implies 

v"xa = -i iCVaS + sv^n = = 

which is impossible on f/ C TV/f/. □ 



Lemma 2 Let {Ai,g) be a spacetime satisfying the hypotheses of Theorem \^ and let 

o o 

Aif and M.I he defined as in section ||. Then, the set M.i is spatially hounded with 
respect to Aioo- 

o o o 

Proof: Ail is open by definition. If A4i is empty the statement is trivial. If Aii is non- 
empty, then equation (0) shows that / and hence are constant on each connected 

o 

component of A^i. As we discussed above, the asymptotic form of the metric in the 
asymptotically flat end Mod implies = — 4M^/r^ -|- 0{r~^). Hence, there exists 
an asymptotically flat open submanifold Aioo where Va^^ is nowhere zero. Thus 

o 

Ail UA^oo = and the lemma is proven. □. 

Take now an arbitrary point p E Aif and choose an open, connected neighbourhood 
Up of p where the basis {U, V, W) can be chosen smoothly. It is well-known |I8| that 



there exists a smooth complex vector rh on Up such that /, m, m| (the bar denotes 

complex conjugate) is a positively oriented null tetrad (i.e. rjap^sk'^l'^m'^fn^ = —i) and 
such that t/, V and W take the form 



^"/^li/p = -lamp + lp'mo\^^ , ^ap\up = ko,mp - kprric 



'^ap\u^ = -kjp + kpla + mamp - m/smalu^ . (17) 

We shall use the Newman- Penrose (NP) notation to denote the Ricci rotation coeffi- 
cients associated with this null basis. Our conventions will follow [§. The names ^'o, 
and \l/4 above were chosen precisely so that they correspond to the spin coefficients 
of the Weyl tensor. In particular, (|T3|) shows that = ^3 = 0. For completeness, let 
us write down the Newman- Penrose equations. They are just the standard definition 
of the curvature in terms of the connection when everything is expressed in the null 
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basis {k, I, rn, m} and therefore they only hold on Up 

Dp — 6k = + era + p{e + e) — KT — K (Sa + 13 — irj (18) 

Da -6k = a{p + p) + {3e-e)a-{T-W + a + 3f3)K + -^o (19) 

Dt - Ak = p (r + vr) + o- (r + tt) + r (e - e) - K (37 + 7) + (20) 

Da-6e = a {p + 1 - 2e) + aP -]3e - k\ -k'j + tt (e + p) (21) 

DI3 -6e = a (a + vr) + /? (p - e) - K (p + 7) - e (a - ¥) + ^1 (22) 

D'j - Ae = a (r + Tf) + /3 (r + tt) - 7 (e + e) - e (7 + 7) + TTT - z/K + ^2 (23) 

DX-6'K = p A + ap + vr^ + 7r (a - ^) - z/7t - A (3e - e) (24) 

Dfi — 67r = pfi + aX + nW — fi {e + e) — n (a — (3) — uk + (25) 

Dv - A-K = ;U (vr + r) + A (vf + r) + vr (7 - 7) - z/ (3e + e) + ^3 (26) 

AX-6u = -A(p + p) - A(37-7) + z/(3a + /3 + 7r-r) -^4 (27) 

6p-6a = p (a + /3) - 0- (3a - /?) + r (p - p) + K (p - 71) - ^1 (28) 

6a- 6P = fip - \a + aa + PP - 2a(3 + 7 (p - p) + e (p - p) - ^2 (29) 

6X-612 = z/ (p - p) + 7r (p - 77) + p (^a + /5) + A (a - 3/3) (30) 

6u- Afi = p^ + AA + p (7 + 7) - I77r + z/ (r - 3/3 - a) (31) 

57 — A/3 = 7 (r — a — /3) + pr — (Tz/ — ez7 — /3 (7 — 7 — p) + aA (32) 

5r — Aa = fia + Xp + T {t + /3 — a) — a (37 — 7) — kz7 (33) 

Ap-6r = -pp - (tA + r - a - r) + p (7 + 7) + z/K - ^2 (34) 

Aa-6-f = z/ (p + e) - A (r + /3) + a (7 - p) + 7 (;5 - r) (35) 

Taking into account the third equation in (plSf), the only non-trivial second Bianchi 
identities for the Weyl tensor can be written on Up as 

^^0 = ^0 (4a - vr) + 3fi:^2, (36) 

A^o = ^0 (47 - /i) + 3a^2, (37) 

-L)^4 = ^4 (4e - p) + 3A^2, (38) 

-5^4 = ^4 (4/3 - r) + 3z/^2, (39) 

while the commutators on Up between the vectors /,m,m| read 

AD -DA = (7 + 7)D + (e + e)A-(r + 7r)5-(r + 7r)5, (40) 

6D-D6 = {a + f3-w)D + KA-a6-{p + e-e)6, (41) 

6A-A6 = -z7D+ (r-a-/3) A + A5 + (p-7 + 7)5, (42) 

66- 66 = {-p - n) D + {p - p) A - {a - (3)6 - (p - a) 6. (43) 
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Let us now exploit the identity in order to obtain information on the NP spin 
coefficients. In order to do that, we need to know the covariant derivative of the self- 
dual 2-form WajS- The following identity follows directly from the definition of the NP 
spin coefficients in any spacetime 

V^VFqs = 2 {ukf, + Tclf, - - \m^) Va/B + 2 (-k/^ - rfc^ + pm^ + crm^) Uaf^ljj . 



Inserting this identity into equation (||) 
expressions (which hold on Up) 



it is straightforward to find the following 



f,m)^4 (^m)^2 (^"'0^ 
— , vr = r , = T — 



/ 



/ 



/ 



/ 
f 



a 



f ' 

-(e,r)vi/o 



(44) 



These equations simplify the set of NP equation because the number of unknowns is 
reduced considerably. Furthermore the condition = —A can be rewritten in the 

null basis as 



A 



(45) 



In Lemma |^ we showed that the interior of the set Aii cannot extend to infinity. Our 
next aim is to show that the same happens for Ai2- 

Lemma 3 Let {Ai,g) be a spacetime satisfying the hypotheses of Theorem \^ and let 
Aif and A^2 defined as in section ^. Then, is spatially bounded with respect to 
Moo- 
Proof: M.2 is open because \E'2 and \E'o^4 are global smooth functions on M.^. If M.2 
is empty the proposition is trivial, so let us assume that A^2 is non-empty and that 
intersects every asymptotically flat open submanifold M.oo- An immediate consequence 
of (|1^) is the existence of a complex function G2 on such that (\E'o\I/4) = G2Pa- 
Using this expression together with the Bianchi identities (|38|) and (|39|) and equation 
(^), the combination \I'o x ( |25D + \E'4 x (|1^) takes the simple form 



'G2 
4/ 



2\E'o\E'4\E'2' 



A 



M2 



M2 



(46) 



This equation implies, ffist of all, that neither 6*2/ ~ 8\E'o\I'4\I'2 nor A can vanish any- 
where on M.2. Then, taking the gradient of (^Bj) and using V^A = l/2{xa + Xa) (which 
follows from the definition of the Ernst one-form) and the fact that VaG'2 (which 
follows from the definition of G2) we obtain 



(G'2/-8^^0^4^2)X[aX/3] 



M2 







^[13 V q] A 



M2 



0. 
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From Lemma |1| we have that V^A cannot vanish on any open subset of and hence 
there exists a real function L such that Ua = LVa^ on Ai2- The identity XaX" = — 
becomes 



4fX{l - \L) 



-2 



M2 



V«AV"A| 



M2 



(47) 



Thus, 4/^ (1 — iL)~^ is real and, since it cannot vanish anywhere (because / 7^ 
on M-f)-, its sign must remain constant on any connected component of M.2- Those 
connected components where Ap (1 — iL)~^ < are obviously spatially bounded with 
respect to A^oo because A is necessarily negative there (if A > then V^A is spacelike - 



from ^"VoA = - and (^Tj) implies 4/^ (1 — iL) > 0). Thus we only need to consider 



those connected components where 4/^ (1 — iL) ^ > (i.e. where 2/ (1 — i 



is real). Equation ( pT]) reads, on M. 



V«A 



2/ 



P^\M2 



iL) 



M2 



The imaginary part of this equation tells us that, at every point on A^2°^) ^ li^s on 
the two-plane generated by k and / and therefore (H3) f = n = = r 



0. On Mt\ 

the one-form Pa defined in (|r^) takes the form Pq, = (1 — iL) (2/) ^ V^A and there- 
fore is real. Consider now an arbitrary point p G ^^2"^ and consider an open, simply 
connected neighbourhood of Up of p in ^^2"^ such that the basis {U , V , W} is well- 
defined. We have the freedom to rescale U and V according to U' = QU V = Q^^V 
where Q is a non-zero, complex, smooth function defined on Up. This transformation 
does not change any of the properties we have used of the basis {U, V, W} and there- 
fore all the equations above still hold for {[/', V, W} if all quantities are substituted 
by primes (those which are invariant under this transformation will be written without 
primes). Using ([T7| ) we find that the corresponding vectors k', I' and rh' are related to 
k, I and fh by 



r=\Q\t, rh' 



where Q = \Q\e 



lip 



Under such a transformation, and \l/4 become = Q^'^a, and \E'o = Q^^^o- Since 
\E'4 and are nowhere vanishing on Up, there exists a smooth choice of Q such that 
\E'q = '^'4^\up- This choice will be assumed from now on. Now, equation (^61) allows us 
to obtain G2 explicitly 



(2^2A - P) 
/A 



2^a2^2A-f 
/A 



-P. 
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The Bianchi equations (p6D-(p9|) immediately imply (recall that, on Ai2°'\ ^ is a non- 
lightlike linear combination of k' and /' from which k' ) ^ and /' ) 7^ 0) 



a 



f3'\ 



0, 



7 



/ 



Ur, 



/ 



4 (e, 



Combining equations ([TsD, (p3D and (^Tj) in order to eliminate D j and A 
we obtain, after dropping some non-zero factors. 



^4/ 



i7„ 



0, 



which is equivalent to 



and therefore (^^, k' ^ 



Up 



and (^, /' 



(45 



±|A/2|i/2 

sign(A). Let us now define four functions Ai [i 
expressions 



Up 



Up' 



where ei 



1,2,3,4) on Up by the following 



"^2 = f{Ai + i 



.A, 



(49) 



Ai and A2 are real by definition, A^ is also real from (0). Furthermore, the NP 
equation (|3^ ) becomes simply ^4 — = and therefore all Ai are real. The fact that 
2/(1 — iL)~^ is also real implies that Ai\u^ is nowhere zero and that L = —A2A{'^\if^. 
It is now a matter of simple, if somewhat long, calculation to check that the full system 
of Newman- Penrose equations ([T8|)-(|35D are satisfied on Up if and only if 



VaA2 = 2A2A4Pa, V„Ai = 

V^Ag = A3 (2A4 - Ai) P„, V«A4 



1 

4 



42 , 42 _ j;:42 
^3 + ^4 ^ ^2 



P. 



CUq, — — A2APCJ, VqA — XAiPa, 

4 (A^ _ ^2^ _ 4^^^^ - ^2 = 0. 



(50) 

(51) 

(52) 
(53) 



Let us now assume that is not spatially bounded with respect to TVloo- Then it 
must intersect any asymptotically flat end Aioo and we can choose Up so that Up C 
A4oo- Thus, we can coordinate Up with the asymptotically Minkowskian coordinates 
described in Remark 1 after Theorem ^. We know from asymptotic flatness that 
= -4M^/r^ + 0(r"^) and therefore / = eM/r^ + 0(r"^) where e = ±1. Using the 



15 



fact that A = 1 — 2M/r + 0(r ^) we deduce from the definition of Ai and A2 in (|i9| ) 
that 



Regarding ^4, we can obtain its asymptotic behavior directly from the second equation 
in (|50|) after using the second equation in (|52D and the fact that Ai is non-zero on Up. 
We find = —e/r+0{r~'^). Finally, the constraint (|53D fixes the asymptotic behaviour 
of A^ which is A^ = e/r + 0{r~^) where e = ±1. A direct consequence of the first 
equation in (|5T|) and the second one in (0) is 

AAiV.As - A3 (2A4 - A^) V,A = 0. 

Inserting the asymptotic expansions into this equation, we obtain 2Mee/r^ + 0(r~^) = 
0. Choosing Up so that r takes values which are large enough this identity becomes 
impossible. Thus Ai2 must be spatially bounded with respect to A^oo- ^ 

The main result in this section is Proposition |I] below. Before proving it, we must 
discuss some of the basic properties of the set M3 (where the Petrov type is II or 
D ). In the following section we will study Ai^ in detail, but, for now, we only need 
to notice that inserting \E'o^'4 = and \['2 7^ (which define A^s) into ([T5| ) we get 
V/3^2|a43 = (3/2)\E'2/~^V/3/|>i3. This implies immediately that "^1/ is constant on 
any connected component of Ai^. Since is a smooth, globally defined complex 
function on A^s, it follows easily that /^/^ defines a smooth, global function on Ai^. 
Thus we can write 




where 6 is a nowhere zero, complex function on Ai^ which is constant on each connected 
component of Ai^. 

Proposition 1 Let {A4,g) be a spacetime satisfying the hypotheses of Theorem^ and 
let M.f, Ail, Ai2 and Ai^ he defined as in section ^. Then Aif = Ata. 

Proof: Trivial topological properties of Aii, Ai2 and Ai^ together with the fact that 
they constitute a partition oi Aif show that d{Aii U Ai2) = dAi^. Moreover, it is 
clear that d{Aii U Ai2) C dMi U dAi2 and therefore we have 

dM3 = dMs n d {Ml U M2) C dMs n {dMi U dM2) = 

{dM3 ndMi)U {dMs n dM2) ■ 

So, if we prove (dMa n dMi) = {dMa n dM2) = then we would have dMs = 
which implies easily Ais = Aif (after using Lemmas Q and ^ above). So, our aim is to 
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show that both dM^ fl dMi and dM^ fl dM2 are empty. Showing dM^ fl dMi = 
is trivial because at any point q G dM.3 fl dAii we would have '^2\q = from the 
continuity of \l/2 and the definition of A^2 and this is incompatible with the limit of 
\&2 on q coming from Ais which is nonzero due to expression (|54D after using the 
constancy of b on any connected component of Ai^ and the fact that / cannot become 
zero anywhere on A4 f. So, we only need to show that dAi3r\dAi2 = 0- Assume, on the 
contrary, that this set is non-empty and take an arbitrary point q G dAi^ fl dAi2 and 
a sufficiently small open, connected neighbourhood Ug of q such that the null tetrad 
{k,l,m,rn} is well-defined on Ug. In particular, \I'o and \l/4 are smooth functions on 
Ug. Let us now find an equation for the function \l/o\l/4A^/~^. On Ug fl we know 
that the tetrad {/c', m', m } introduced in the proof of the previous proposition is 
well-defined. From ( ^9]) and (0) and the fact that \E'o^4 = ^0^4; we obtain 

, (55) 

u„nM2 




where Re denotes real part. Take now a smooth curve 7 entirely contained in [/^ fl AI2 
and with endpoint on q and such that A is non-zero at least on one point r of 7. Since 
A cannot vanish on any open set (from Lemma [ip the existence of such a curve is 
trivial to establish. Let us parametrize the curve 7 such that 7(0) = r and 7(1) = q. 
Integrating equation (EH) along 7 we obtain 




ds 



where 7 is the tangent vector of 7. Taking into account that Re (\l/2/~^) remains 
bounded along 7 we conclude that \l/o\l/4A^/~^ cannot vanish on q which is incompatible 
with the fact that \&o^4 vanishes on q. Thus, we have proven that i7 = and the proof 
is completed. □ 



4 Analysis of the Petrov types II or D and proof of 
the theorem. 

In this section we will concentrate on the subset Ais. From the previous section we 
know that Ai^ = Aif and therefore Ats is open and connected. Thus the function b 



appearing in (|54D is constant throughout Ai^. The decomposition of b into real and 
imaginary parts will be written as b = bi + 262- Equation ( |5^ gives the form of \I^2 on 
Ais. Inserting it into the second equation in (p!5D we obtain Va/ = —2^/2b~^{f^^'^YPa■ 
This equation implies first of all that Pa is exact on Ais and that Pa = VaP with P 
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given by 



v/2/1/2 



Ms 



2P3 



(56) 



Ms 



Similarly, the first equation in ( P^D shows that the Ernst one-form Xa is also exact on 
A^3 and that Xa = V^x with 



X p 



(57) 



Ms 



where c is a complex constant. Since the imaginary part of the Ernst potential (i.e. the 
twist potential) is defined up to an arbitrary additive constant, we can assume without 
loss of generality that c is real. Let us also define two smooth real functions y and Z 
on A^3 by 



P = y + iZ, 



so that (ITSl) becomes 



V/31/1 



Ms 



lk)lp+[lT)k 



Ms 



^P^\ms 



Ms 



(5^ 



(59) 



In order to proceed, we still have to define the following subsets of 
= int [p e Ms; (f. A; ) |p 7^ and ^o|p = } , 



-M3 

M^ 
Mt 



int 



{p e Ms; (f, r) |p ^ and ^4!^ = } 



int {p e Ms; ^olp = * 
{peMs; ^4|p^0}, 



4|p — 0} , 

Ml = {peMs; ^oIpT^O}. 



(60) 



For later convenience, let us now write down two equations that hold locally on M^ (i.e. 
on a sufficiently small neighbourhood of any point of M^). The first one is obtained 
directly from (^4]) after using \E'o = and (^), and the second one follows directly 
from (|20|) 



^4 {€ky 



2P2 



{[3 - a) (f, m) - 5 (f, m 



D 



(e,m)P 



Ml 



(e,m)P(e-e) 



Mi, 



Ml 



(61) 
(62) 



The following proposition gives the local form of the metric in a certain subset of A^a. 
As mentioned in the introduction, asymptotic flatness is not used anywhere in the 
proof of this proposition. 



18 



Proposition 2 Let {S, 7) be a two-dimensional Riemannian space of constant curva- 
ture equal to 2c and denote by < , > the scalar product with respect to 7. Denote also by 

the Laplace- Beltrami operator on (5*, 7) and by-k^ the Hodge dual of {S,'~f). Finally, 
letV = 'Rx'Rx S and {u,y} Cartesian coordinates o/M x M. 

Assume that A4'^n{A4^UA4''^) defined above is non-empty and let X be a connected 
component of this set. Then, there exist three smooth real functions Z , A and B defined 
on S satisfying the linear partial differential equations 



-2cZ + 26162, 



{dZ, dA) - {-k^dZ, dB) + 2Z - A {2cZ - 26162) = 0, 



(63) 
(64) 



(hi and 62 are the two constants defined above) such that {X,g\x) is locally isometric 
to the spacetime (V, h) where 



h = - c 



{hl-hl)y + 2hih2Z' 



l2 



du — BdZ — A-k^ dZ 



+ 



y^ + Z^ 

+2 [dy - *^dZ) {du - BdZ ~ A *^ dZ) + (y^ + Z^) 7 



(65) 



Remark. In the line-element (^5]) the objects Z, dZ, -k^dZ and 7 denote the pull-back 
with respect to the canonical projection 7r:MxMxS'— >5'of the same objects on S. 
A precise notation should require giving different names to those pull-backs, but for 
the sake of notational simplicity we have preferred not to do so. 

Proof: Let p G X be an arbitrary point and consider, as usual, an open, connected 
neighbourhood Up (Z X oi p such that null tetrad /,m,m| is well-defined on Up. 

Define ttq on Up as ttq = {i,rn}j P. From the definition of M.^ we have that ttq is 
nowhere vanishing on Up. In addition, from X C U it follows that, by choosing 
Up small enough, we can assume that either fc^ 7^ and = everywhere on Up 
or {i-il^ 7^ and \E'4 = everywhere on Up. We will make the proof explicitly only for 
the case ^) 7^ and \E'o = on Up. The proof in the other case is identical step by 

step after interchanging the roles of k ^ I, rh ^ m and \E'o ^ ^^4. So, let us assume 
from now on that (^^, Icj ^ and \E'o = everywhere on Up. From the definition of 
ttq it follows that we can choose the null tetrad globally and uniquely on Up such that 
ttq is purely imaginary (i.e. ttq = — ttq) and that ('f, ^) = 1- Our next aim is to write 
down several consequences of the NP equations in this tetrad on Up. First, expression 
(P^) can be rewritten on Up as 

DP = 1, AP = -(e,r), 5P = ^, SP=^. (66) 
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Equations (|I8|) and (|20| ) read, respectively e + e = and evro + k (ttq) — cttq = which, 
after using vfo = — ttq, imply e = 0, A; (ttq) = 0. Let us now define a complex function 
ao by 



ao = - ( + -p 



Applying the commutator ( Pl|) to P we obtain /3 = (ao/-P), which introduced in (PT| ) 
gives simply k (ao) = 0. Equation (|6l|) reads now \E'4 = iP' /2{P~^5t[q — 2P^^ao7ro)|c/p 
and therefore provides an explicit expression for \E'4. Similarly, I ^ is obtained from 

(H) as (f, f) = c/2 - 6V(4P) - 6V(4P) - t^IKPP)\ 

u^. Inserting these two expressions 

into 



(67) 



|25|) the following partial differential equation for ttq is obtained 

2c (P - P) + 62 _ 6^ _ SttqcI^ 



^TTo 



4P 



The only NP spin coefficients that remain to be determined are 7 and a° (besides vr^) . 
Regarding 7, we consider equation ( p6|) together with the two equations obtained by 
applying the commutators (^) and ( ^2]) on P. A straightforward combination of these 
equations gives 



7 



7rg TTo (ao + ao) 



PP 



e(^o) 



0. 



Up 



4p2 p2p 

Regarding a*^, equations (^) and ([27|) give the following partial differential equations 
2cP + 2cP) (oo — «o) — TTo (c + SaoOo) 



5ao 



47roP 



e(ao)=0^^ . (68) 



Ur, 



It is straightforward, although lengthy, to check that the full set on NP equations 
on Up are satisfied provided k (tto) = 0, k (ao) = 0, ^ (tto) = 0, ( |67D and (|68|) are 
fulfilled. So, we must try and solve these non-linear partial differential equations. 
In order to do that, let us define a complex vector field u = Pm. From (|66D and 
the decomposition (|58|) into real and imaginary parts we have k (y) = 1,^ (y) = 0, 
u{y) = 0, k{Z) = 0,i{Z) = 0,u{Z) = -mo. From (f, ^) = 1 it follows that 

^, M, m| is a basis of vectors at every point in Up. The commutators between these 
vectors can be easily computed from (|40|)- (|43|) after using the expressions above. The 
result reads simply 







k, u 






to 




u, u 



—2iZC, + 2aoU — 2ao u 



(69) 



20 



Now, dy\up is nowhere zero because k (y) = 1 and therefore Up can be fohated by the 
family of hypersurfaces {Syol defined by y = yo = const. Obviously, the three vector 
fields ^,u,u are tangent to each hypersurface J^y^. Since ^ and k commute, these two 
vector fields are surface-forming. Moreover ^ and k have non-zero scalar product on 
Up and hence the vector space they generate at each point q G Up is two-dimensional. 
We can consider the quotient space of Up with respect to the two-surfaces generated 
by ^ and k. This quotient will be denoted by Sp = t/p/(span A;|). By choosing 
Up sufficiently small WG CcLll cLSSU-IXlG t licit Sp is a differentiable manifold. The triple 
{Up, Sp,7Tp), where Hp : Up ^ Sp is the canonical projection, is a bundle over Sp. After 
restricting Up further if necessary, we can assume that this bundle is a trivial fiber 
bundle, i.e. Up is diffeomorphic to Ip x Ip x Sp, where Ip, Ip are open intervals of the 



k, V 



defines a vector field vr^.-u 



real line. Any vector field v on Up satisfying ^, v 
on Sp by projection. Similarly, scalar functions on Up which are constant along both 
^ and k define scalar functions on Sp. In order to simplify the notation we will keep 
the same symbol when a function is projected onto Sp. The meaning of the expression 



should 
As 



clear from the context 



u, k 



0, we can define tt^m. Similarly, a^, ttq and Z can also be 



projected onto Sp. Let us take an arbitrary coordinate system on Sp and 

define the complex vector field s on S'p by s* = d^^ + idx'i . Since dZ is nowhere zero on 
X (because u{Z) = —iTCo) it follows that s{Z) ^ everywhere on Sp. It is convenient 

to define a real function on Sp by ttq = {i/2)N\J s{Z)s{Z) where the square root is 
defined with positive sign. Using u{Z) = —ittq we immediately have 



^ N^s{Z)s{Z) ^ 



(70) 



Projecting equation (^) onto Sp we can obtain an expression for in terms of A^, Z 
and their derivatives. It reads 



if (AT) 
lliZ) 



s{Z)AZ) 



N 



SJs{Z)-^{Z) 



mz))+ 



(71) 



The projection of u,u on Sp is (see Eq. (|69|)) 

Inserting (^) and (|7TD into this commutator and using 
rather long calculation, the remarkably simple equation 



s, s 



s(1{Z) 



0, we obtain after a 



(72) 
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which is a second order, linear partial differential equation for Z. We still need to find 
an equation for A^. This is accomplished by projecting the equation for 6aQ (see Eq. 
(|6^)) onto Sp and using the expressions for ao and ttq above. Now the calculation is 
quite long, but the result is surprisingly simple, namely 

Ns (f (N)) -s{N)^ (N) = 2c. (73) 

This is a non-linear partial differential equation which involves the function N only. 
Moreover, this equation can be explicitly solved as follows. Let us introduce the fol- 
lowing metric on Sp 

df = ^^^dx^dx^ = ^ [{dx^)'^ + [dx^] , i, S = 1, 2, (74) 

which has the Ricci scalar R{'y) = N {N^^i^i + N^^2^2) — (N^^i)'^ — {N^^2)^. Recalling 
that s = (9^1 + idr^2 we have that equation (^) becomes -R(7) = 2c. Hence, the 
two-dimensional space (S'p, 7) is a space of constant curvature equal to 2c. The local 
form of the metric for such space is well-known and therefore N can be determined 
explicitly. The still arbitrary coordinate system {a;^,a:^} on Sp can be chosen so that 
N takes the standard form 

AT = 1 + I [{x^f + [x^f] . (75) 



In terms of the metric 7, it is straightforward to check that the linear PDE for Z 
can be rewritten as equation ( |5BD in the proposition. 

The next task is to go from the quotient space Sp back to Up. To do that recall 
that the fibre bundle {Up, Sp, Hp) is trivial and therefore admits a global cross section 
a (i.e. a : Sp ^ Up such that vTp o a = Id\sj,). Let us construct a coordinate system 
on Up as follows. Take an arbitrary point q E Up and consider the hypersurface Sj^^ 
where yq = y{<i)- Consider the curve tangent to the vector field k passing through the 
point 0" o 7Cp{q). Since k is transversal to S^^ and the fiber bundle is trivial it follows 
that this curve must intersect S^,^ at a single point r. Now, r and q belong to the same 
hypersurface T,y^ and they project onto the same point on Sp. Since ^ is tangent to 
Ey^, it follows that there exists an integral line of ^ that connects q with r. Choose 
the parametrization u associated to the tangent vector C, on this curve (i.e. = du 
on this curve) and such that u = on r. We define a function u{q) as the value of 
u at q. Finally, let x^{q) and x^(g) be the values of the coordinates {x^,x^} of the 
point Tipiq) on Sp. It is easy to check that {u{q),y{q),x^{q),x'^{q)} thus constructed is 
a well-defined coordinate system on Up and that, in this coordinate system, ^\u^ = 
and k\u^ = dy. Regarding the vector field u, we know that u{y) = and that its 
projection onto Sp is given by (|70D. It follows that 



u\up = 2s{Z) ^ ^'^ ^ 2 ^ ' 
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where A, B are real functions on Up which remain to be determined. From m, ^ 

u,k = it follows ^(v4) = ^{B) = k{A) = k{B) = and hence A, B define functions 
on Sp. The last commutator in on Up can be rewritten after a straightforward 
calculation as 

{dZ, dA) - {-k^dZ, dB) + 2Z -A {2cZ - 26162) = 0, 



where <, > denotes scalar product with respect to the metric (|7^ and -k^ is the Hodge 
dual with respect to the same metric (recall that Z, hi and 62 are defined hy P = y + iZ 
and h = hi + 262)- This equation is exactly the linear partial differential equation for 
A and B appearing in the proposition. So, we have constructed a coordinate system 
on Up and have obtained the explicit form of ^, k, u and u in this coordinate system. 
Moreover, the scalar products of these vectors can be determined directly from their 
definition in terms of the null tetrad /, m, m|. Thus, the spacetime metric on Up can 
be explicitly written. After some algebra, it is not difficult to check that this metric can 
be written in the compact form given in (^). This proves the local isometry claimed 
in the proposition. □. 



The explicit expression for \E'4 for the metric ( p5| ) in the open set M.^ U will 
be needed later. Using the expressions obtained in the proof of Proposition ^ it is 
straightforward to check that the following expression holds on A^g U A^g 



^ ^ ijbi + ihif 
' 2 (y + tZf 



dG \ 

— , dZ + i-k^ dZj + cZ - 6162 



(77) 



where G = {dZ,dZ). The metric ( p^ contains several parameters and one function 
Z defined on the two-surface S. The partial differential equation for Z is of elliptic 
type but 5* may be non-compact (for instance, S could the hyperbolic plane). So, in 
general, this metric contains arbitrary functions (which can be thought, for instance, 
as the boundary conditions of the partial differential equation (|6^) ). Thus, we are 
far from having proven the local isometry with the Kerr metric which is claimed in 
Theorem |^. The reason is, of course, that we have made no use of asymptotic flatness 
in Proposition ^ This fact shows, in particular, that asymptotic flatness is an essential 
ingredient of Theorem |[ The next lemma exploits the asymptotic conditions in order 
to show that Ai!^ is either empty or that it covers the whole of 

Lemma 4 Let M.^ and he defined as in (jg^. Then either = ^ or M.^ = M3. 



Proof: Since Ai^ is open, the conclusion of the lemma is equivalent to dAif = in 
the topology of Ai^. Thus, let us assume that dAiP is non-empty and let us find a 
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contradiction. From the fact that \l/o = \l/4 = on AA^^ we find that the Weyl tensor 
takes the form 



(7J 



where we used (O) and the identity 4X"^^5 = -W^W^s + 2 (V^V^s + V^U. 



= -vv ■ vv ^ yu ' V V ' 

(recall that X"^^^ is the identity on the space of self-dual two- forms). Thus, the 
Weyl tensor on Aif satisfies the hypotheses of Theorem Furthermore, A^3(= Aif) 
contains the asymptotically flat end A^oo- From the asymptotic conditions it follows 
that tends to zero at infinity. Using (|56|) we find that 1/P also tends to zero at 
infinity (recall that = —4/^). Consequently, equation (|57D implies that x tends to 
c at infinity. On the other hand, recall that the Killing vector ^ was normalized so that 
its norm A ^ 1 when we approach infinity in A^oo- This implies c = 1. Moreover, a 
simple consequence of ( ^6|) and (|57[) is = — 6^'*(1 — x)^- The asymptotic behaviour 



of near infinity forces = 4M^ > where M is the Komar mass of in A^oo 
(which is non-zero by hypothesis 2 of theorem Thus, Theorem |l| can be applied to 
conclude that Alf is locally isometric to the Kerr spacetime. 

On the other hand, the Kerr spacetime obviously satisfies all the hypotheses of 
Theorem ||, and therefore the objects k, I, y, Z , . . . that we constructed on Ais can 
also be defined on the Kerr spacetime Al M,a- The subscript Kerr will be used to denote 
them. It is a matter of simple calculation using the Kerr geometry to find that i/Kerr 
and Zxerr are yxerr = r and Zxerr = d cos 9 where a is the specific angular momentum 
and r and 6 are standard Boyer-Lindquist coordinates of the Kerr spacetime. 

From our assumption that dA4^ ^ and the fact that Ai| U AlH U Aif is dense in 
AI3, it follows that either M.\ or }A\ is non-empty. The case M.\ 7^ can be treated 
similarly to M.\ 7^ just by interchanging k ^ I, fh ^ fn and \I'o ^ ^4- So, we can 
assume without loss of generality that Al| is non-empty and therefore dAi^^CidAi'^ 7^ 0. 
Take a point q G dA4^ fl dM.^ and a sufficiently small neighbourhood Uq of q such 
that the null tetrad /,m,m| is smooth on Uq (hence is also smooth on Uq). 
Define = f/g fl dM.^ fl SA^g. Combining the general Bianchi equation (|38D with the 
expressions for the NP coefficients (^) we easily obtain 

Dm, = -Am,(t+[lk)/p\^. (79) 

Since e+ [^^k^ /P is smooth on Uq, we can conclude that an integral line of k is either 
contained in or else does not intersect Sg (this follows from integrating equation 
([79|) along any integral curve of k, which shows that \l/4 cannot become zero along 
the curve). Moreover, we know that the Petrov type of any spacetime cannot change 
along an integral curve of a Killing vector (see e.g. fl^)- This implies that such a 
curve is also either contained in Sg or else does not intersect Sg. In addition, since 
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Eg is the boundary of an open subset of Uq (namely Uq fl A^f) it follows that Eq 
cannot be contained in any two-dimensional surface. With this information at hand 
we wish to show that there exists an open subset U G Uq with the following properties: 
U (iMf (Is, U nMl ^ (Is and such that that (^^, fc^is non-zero everywhere onUriMf 

and on f/ n A^g. Indeed, if there exists a point s G where (^^,k^ \s the claim is 
trivial (a suitable neighbourhood of s would do it). So, we only need to consider the 
case when ) „ =0. We know that the metric on Aif is locally isometric to the 

Kerr metric, so let us evaluate Wi = (^, /c)(^, + the region Aif fl Uq where 

the metric is known. We obtain 

»'.l«.fn.. = 2 {I k) {(,1) (i- + = y^- - ffy + a^|^„^^_ . (80) 

By assumption Wi vanishes at Sg. This implies > Aa? and ?/|h, = y± = (l/2)(fe^ ± 
yW—Ao?). So, the set must be contained on one of the event horizons of the Kerr 
spacetime. Using standard properties of the Kerr metric, it is immediate to see that 
the following expression holds 



Va^WA = ±V64-4a2V„y . (81) 

Furthermore Va?/ vanishes in the Kerr spacetime at most on a two-surface (the bifurcate 
horizon). So we can always find s G Sg so that Vq,?/|s 7^ (here we use the fact that Sg 
cannot be contained in any two-surface). Take a neighbourhood of f/ C t/g of s where 
Vol/ 1 (7 is nowhere zero. If 6^ — Aa? 7^ (i.e. the Kerr metric is non-extreme) then (|8ll) 
immediately implies that Wi changes sign across Sg fl f/ 7^ 0. It follows that (Ci^) 
must be non-zero on fl f/ as claimed. On the other hand, if = 4a^, the argument 
can be repeated using W2 = (W^i)^''^ instead (in this case, W^lu^nM!^ = u"^ ~ ^^/2) and 
the same conclusion follows. In any case, we have that ('Ci^) must be non-zero on 
n ?7 as claimed. 

At this point two cases must be distinguished depending on whether a = or a 7^ 0. 
The case a = is very simple because then Z vanishes on M.^ fi U (and therefore the 
metric on this open set is locally the Kruskal-Schwarzschild metric). Using the fact 
that the vector field / is transversal to Sg fl [/ (this follows from the geometry of the 
event horizons of Schwarzschild) and the equation 1{Z) = (which holds everywhere 
on TVIj as a trivial consequence of (|59D ) we conclude that Z = everywhere on U. 
So, the Killing vector C, is static on U (because P real implies (^) x real). It is well- 
known that Petrov type II is incompatible with a static Killing vector. This excludes 
the case a = 0. Regarding a 7^ 0, we know from the Kerr geometry that k and ^ are 
linearly independent on the event horizon. Furthermore, from standard properties of 
the Kerr geometry we find that r^apxii^^kH^ vanishes in the Kerr spacetime only at 
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points where ^ = or at the axis of symmetry of the axial Kilhng, which is also a two- 
dimensional surface. Thus, there exists a point p G Hg fl t/ where ^ and k are linearly 
independent and that rjai3\^i^kH^\p ^ 0. Hence, there exists an open neighbourhood 
Up C U of p where rjai3\^i^kH^^\u^ ^ and such that the quotient Sp = ?7p/span{,^, k} 
is a differentiable manifold. As before, we will denote by vr^ the standard projection 
of Up —>■ Sp. As in Proposition ^ we endow 5*^ with a metric 7 of constant curvature 
equal to 2 (recall that c = 1 from asymptotic flatness). On the open region Up fl A^|, 
Proposition 1^ can be applied and therefore the local metric on UpCiAi'^ is given by (pB]). 
Since c = 1 and 6162 = (recall that 6^ = 4M^) we have that Z satisfies A^Z = —2Z 
on 'Kp{Up n A^l). On the other hand, the metric on M.^ fl Up is locally Kerr. Therefore 
Z\j^D = acosO which clearly satisfies A^Z = —2Z on TTp{A4^ fl Up). By construction 
we have that iip{J\4^ fl Up) and 7rp(7Vl| fl Up) are both non-empty and dense in Sp. 
Since Z is smooth on Sp it follows that A^Z = —2Z holds everywhere on Sq. Now, 



A^Z = —2Z is a second order elliptic partial differential equation. Hence, |20] Z is 
analytic on Sp. Since Z = a cos 9 on the open non-empty subset of Sp we can conclude 
that Z = a cos 6 everywhere on Sp. This gives the contradiction we need because on the 
one hand we have \E'4 7^ on A^g fl Up and on the other hand substituting Z = a cos 6 
into (|73) we find "^^Up = 0. Thus we can conclude that dM^ n dMf = (and 
dAi^ n dAi^ = by a similar argument) and the proof of the lemma is completed. □ 

So, we already know that Aif^ is either empty or covers A^3 and that the metric 
on A4f is locally isometric to Kerr. In order to complete the proof of Theorem ^ we 
need to show first that A^f = is impossible and second that Aif = Ai. Proving the 
first claim uses asymptotic flatness in an essential way. 

Proof of the Theorem 

We must first exclude the possibility that ^Af = 0. So, we suppose = 
and obtain a contradiction. Notice first that Aif = ^ does not imply yet that one 
of \l/o or \Ef4 is everywhere zero. It is still possible that and \E'4 are nonzero on 
some (necessarily disjoint) regions of Ms (i.e. that A1| 7^ and A^g 7^ 0). We know 
that Ais = Aif and therefore there exists an asymptotically fiat end Aloo C Ala. 
By restricting Aioo if necessary we can assume that ^ is timelike in Aioo- It is well- 
known |[T^ that a vacuum spacetime admitting a Killing vector field is analytic in the 



region where the Killing vector is timelike. Consequently, in the strictly stationary 
region (i.e. where ^ is timelike) the vector fields k and / are analytic. This follows 
from the fact that they are the eigenvectors corresponding to simple eigenvalues of an 
analytic endomorphism and therefore no multiplicity changes are permitted). Thus, 
there exists (locally) an analytic null tetrad {kj,m,m}. In the local neighbourhood 
where this tetrad is analytic, \E'o and are also analytic. Thus, we can conclude 
that in the asymptotically flat end Aioo (where ^ is timelike), either \E'o \E'4 vanish 
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everywhere (because at least one of them vanishes on an open non-empty set). As 
before, the two cases \l/o = or \l/4 = are related to each other by a transformation 
m ^ m, \l/o ^ \l/4 and hence we can assume without loss of generality that 
\l/o vanishes everywhere on A^oo (i-e. A^oo C Mf)- From the fact that (x k 

(see (p!2[)) and that {C,,k} span a two-dimensional vector subspace at every point in 
AioD, it follows that and k are tangent to families of two-surfaces. Furthermore, 
AioD can be chosen to have topology M x M x 5*^ (5*^ is the two-sphere). Using the 
fact that A; is a principal null direction of the Weyl tensor (this follows from (|T3p after 
taking into account that \l/o = 0), asymptotic flatness implies (possibly after restricting 
Aicx)) that A^oo/span{^, /c} ~ S"^. Let us introduce on the round metric 7 with 
constant curvature R = 2. So (6*^,7) is a complete and simply connected Riemannian 
space. Let us also define the canonical projection onto this quotient by vf : Aioo S"^. 
Proposition |^ takes care of the local form of the metric at points where i]aj3Xfj.^^k^l^ 7^ 
(i.e. at points on Ai'^)- So, we must analyze what happens on the set of points where 
Va/sx^^^kHf" = 0. To do that, we define the set T = {p e Moo] Ve^i3\p,i^k^l^\p = 0} 

o 

and prove that T must have empty interior. Indeed, suppose there exists a point p GT 

o 

and take a sufficiently small open neighbourhood Up CT of p where the null tetrad 
{k, I, rh, m} is well-defined. We have (from the definition of T) that (^, 'm)\up = 0. Since 
Up is open, equation (0) implies that "^^lup = 0. Hence we have \l/o| ° = ^4! ° = and 

o „ 

therefore TC which we are assuming is empty. Therefore T has empty interior. 
Thus, the set A^oo H is dense in Aloo- Let us prove that its projection is also dense 
on S'^. Indeed, a trivial consequence of (|12D is £(;{j]ai3\pi^kH'^)\j^^ = 0. Similarly, 

taking into account that, locally, rjapx/i^'^k^l'^ = i (^^ ,rnj rria — (^^,m^ , equation 
(|6^) shows that the vanishing of rjapx^^^kH^ at any point in Aloo implies its vanishing 
everywhere along the integral lines of k. Putting these two things together, we can 
conclude 7r~^ o vf (T) = T, i.e. the set T is the anti image of certain subset of S"^. 
Therefore vf (Aloo H M-l) is dense in S"^. Recalling that A^oo C Aig, we observe that 
Proposition ^ can be applied on 7f(A1oo H Aig). Taking into account that c = 1 and 
6162 = 0, we find from Proposition ^ that Z fulfills A^Z = —2Z on a dense subset of 
S"^ and hence everywhere. Thus, Z satisfies the linear equation A^Z = —2Z on the 
whole two-sphere. This equation is an eigenvalue equation (with eigenvalue equal to 
—2) for the Laplacian on the round sphere. Since Z is defined in terms of P, which is a 
smooth function on Aig, the solution of this eigenvalue equation must be regular and 
smooth everywhere on S"^. The eigenvalues of the Laplace-Beltrami operator on the 
sphere are well-known and the general regular solution of A^Z = —2Z can always be 
written as Z = a cos 6 where a is a real constant and 6' is a suitably chosen colatitude 
angle on the sphere. This expression for Z shows that \l/4 (given in (^)) must be zero 
everywhere on Aloo C A^ 3. Since \l/o vanishes also on A^oo, this contradicts the fact 
that Alf* = 0. Thus, Lemma ^ shows Aif = AI3. Since Proposition ^ tells us that 
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M.3 = A^/ we conclude that {M.f,gf) is locally isometric to the Kerr spacetime. 

The final part of the proof consists in showing that M.f = M.. Assume that M.f 
is a proper subset of M. and take a point q on the topological boundary oi ^A.f as a 
subset of M.. From the continuity of and the fact that = — — x)^ on 
A4f, we must have A|q = 1, hence ^ is timelike in some neighbourhood of q. Consider 
a smooth curve 7p(s) defined on some interval Sq < s < 1 such that 7p(s) G 
Vs G (so, 1), 7p(l) = P and such that the tangent vector 7(3) is orthogonal to C, and 
of unit length (the existence of such a curve is easy to establish). Define the real 
function Y{s) = {y o 7p)(s). Since x ~^ 1 at p we have from (|57| ) that P diverges at 
p. Taking into account that Z remains bounded, we find Y{s) 00 when s — >■ 1. In 
the Kerr metric we have VaV^^y = {y"^ — 2My + a^)/(?/^ + cos^ ^) and therefore 
VQ.yV"y|^p(s) — > 1 when s — > 1. Hence we can assume that "^ayl-jpis) is spacelike for 
s G {sq, 1). Then 

dY \ ^ 2 

where we have used the fact that {V ay\-yp{s) , jpis)} define a spacelike two-plane and 
we have applied the Schwarz inequality. Hence ^ stays bounded, which contradicts 
y — > 00 when s ^ 1. This completes the proof of the theorem. □. 
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